In many electron spin qubit systems coherent control is impaired by the fluctuating nuclear spin bath of the host material. Previous experiments have shown dynamic nuclear polarization with feedback to significantly prolong the inhomogeneous dephasing time T * 2 by narrowing the distribution of nuclear Overhauser field fluctuations. We present a model relating the achievable narrowing of the Overhauser field to both the pump rate and the noise magnitude and find reasonable agreement with experimental data. It shows that former experiments on gated GaAs quantum dots were limited by the pump rate of the pumping mechanism used. Here we propose an alternative feedback scheme using electron dipole spin resonance. Sequentially applying two ac electric fields with frequencies slightly detuned from the desired Larmor frequency results in a pump curve with a stable fixed point. Our model predicts that T * 2 values on the order of microseconds can be achieved.
One limiting factor of spin qubits based on semiconductor quantum dots is the fluctuation of the effective magnetic field arising from nuclear spins. The interaction of these nuclear spins in the host material with the electron spin in the quantum dot induces decoherence. Several techniques have been developed to reduce decoherence. [1] [2] [3] [4] [5] [6] [7] [8] Narrowing the distribution of the nuclear fluctuations was shown to prolong the inhomogeneously broadened dephasing time for gate defined GaAs quantum dots 5 and for self-assembled InAs quantum dots.
3,7
To reduce fluctuations the nuclear field is regulated by dynamic nuclear polarization (DNP). DNP controls the Overhauser field by transferring the electron spin angular momentum to the nuclear spins via the hyperfine interaction. If the effectiveness of the polarization step depends on the current state of the nuclear spin bath, the qubit can be used as a closed feedback loop. In gate defined GaAs double quantum dots, a roughly tenfold enhancement of T * 2 has been achieved by LandauZener-sweep driven electron-nuclear spin flip-flops that were preceded by a free evolution of the qubit to create a feedback effect. 5 In self-assembled InAs quantum dots a DNP feedback effect was also observed as the quantum dot resonance exhibited locking to frequency 3, 7, 9 or repetition rate 10 of the incident laser. Driving GaAs gate defined quantum dots with electron dipole spin resonance (EDSR) showed locking to the spin-resonance condition as well.
11
The narrowing effect has been examined theoretically in various studies but these were focussed on microscopic models and optical manipulation.
12-15 A phenomenological rate-equation model to describe the effectiveness of DNP in reducing the Overhauser field variance was derived by Vink et al. 11 and by Latta et al. 9 The model relates the maximum nuclear field achievable by polarization to the nuclear field variance by treating the polarization as a random variable influenced by DNP and relaxation proportional to the current value. This model was further refined by Yang et al. 16 However, the dominant relaxation process in gated dots is spin diffusion of the local polarization to its surroundings, which is not a simple relaxation process. 17, 18 As a result, the maximum field is determined by the slow long range nuclear dynamics, while the variance of the fluctuations also depends on short range fluctuations. Overall, diffusive dynamics have received little attention, but are of particular interest for gated dots.
In this paper we present a model relating the achievable narrowing of the nuclear field distribution to the pump rate and the noise magnitude by explicitly considering the different relaxation rates for polarization modes with different wave length. To this end we solve the spin diffusion equation including Langevin dynamics. The results are in reasonable agreement with experimental data and show that the variance of nuclear fluctuations depends directly on the pump rate via the feedback gain. Previous experiments were limited by the pump rate, for example in gate defined GaAs dots the pump rate was set by slow Landau-Zener sweeps at the avoided crossing of the singlet and T + state ('ST + scheme').
5 Thus, to overcome the limitation of the ST + scheme, we propose a different polarization scheme based on the work of Laird et al, 19 the 'EDSR scheme'. Here an ac electric field is used to flip the spin of the electron in the dot via the hyperfine interaction. Simultaneously a nuclear spin is flipped. High spin flip rates can be achieved as no time is lost in Landau-Zener sweeps and bidirectional feedback is possible, thereby eliminating the feedback-free reverse pumping necessary for the ST + scheme. These high spin flip rates promise further narrowing of the nuclear field distribution. Our calculations indicate that dephasing times of up to T * 2 = 6 µs are possible with the EDSR scheme.
The remainder of the paper is organized as follows. In section I we first briefly review the nuclear dynamics and then present the spin diffusion model relating pump rate and noise. Section II compares the results of the model to experimental data. EDSR and the new EDSR scheme for a single quantum dot are described and the achievable narrowing is evaluated in section III. Section IV shows how the EDSR scheme can be applied to a double dot system with and without exchange coupling. A summary and discussion of results is given in section V.
I. NUCLEAR DYNAMICS AND SPIN DIFFUSION MODEL
A. Nuclear spins
The nuclear spins of the host material and the electrons in the dot interact via the Fermi contact hyperfine interaction described by
as illustrated in figure 1 . Here, A α(i) is the microscopic hyperfine coupling for the different nuclear species α(i), which is weighted by the local electron density |ψ i (R i )| 2 , and ν 0 is the volume of the primitive unit cell containing two nuclei (in III-V materials). S e is the electron spin and I i the angular momentum operator of the ith nuclear spin.
P(r)
Nuclear spins FIG. 1. Illustration of the interaction between nuclear spins (small arrows) and the electron spin (big arrow) in the dot. If the wave function of the nuclei and the electron wave function overlap, a finite probability of a simultaneous electron and nuclear spin flip occurs due to hyperfine contact interaction. The spatially varying polarization of the nuclei can be described by the function P (r). This polarization influences the electron's Larmor frequency.
In consideration of the large number of nuclear spins interacting significantly with the electron (typically 10 6 ), we describe their effect in terms of a classical effective magnetic field, the Overhauser field,
where g * e ≈ −0.4 is the effective g-factor, µ B the Bohr magneton and A = 90 µeV the hyperfine coupling strength. For simplicity, we assume a constant hyperfine coupling strength for all species. The model can be extended straightforwardly to drop this assumption, but this would not change our overall conclusion. Due to the high temperature of the nuclear spin bath, the Overhauser field fluctuates around its average. This field fluctuation can be modelled as a classical, Gaussian distributed noise variable with a standard deviation of Bmax √ N ≈ 4 mT in GaAs quantum dots, where B max is the maximum Overhauser field corresponding to full polarization and N the effective number of nuclei in one dot. 20 For N ≫ 1 the Overhauser field can be expressed as
Here P(r, t) is a dimensionless local nuclear polarization density and B max = AI g * e µB where I denotes the total nuclear spin quantum number. In the following only the component of the Overhauser field aligned with the external magnetic field is evaluated because this is the principal component seen and influenced by the electron. The relative polarization density can then be expressed as P (r, t) = I z i /I.
B. Spin diffusion model
For t 100 µs nuclear dipole-dipole interactions lead to a diffusion-like redistribution of the local nuclear polarization inside and outside the quantum dot. 21, 22 At magnetic fields exceeding 20 mT, hyperfine mediated diffusion can be neglected. 23 We neglect nuclear spin-lattice relaxation as well because the relaxation time T nuc 1 ≈ 20 min is much longer than the typical correlation time of the Overhauser field (seconds to about 1 minute). 17, 24 We also neglect the Knight shift, which slightly suppresses diffusion in the region occupied by the electron.
The nuclear dipole-dipole interaction can thus be described by the diffusion equation 25 on distance scales larger than the lattice spacing and time scales longer than the nearest-neighbour dipole-dipole interaction time. The corresponding dynamics of the relative polarization are given by
where D is the diffusion constant. 26 The random nuclear fluctuations can be incorporated via Langevin forces. A spatial Fourier transformation of equation (4) gives
where Ξ k is the Langevin force acting on the Fourier mode with wave vector k and satisfies
Here, S Ξ,k,k ′ is the magnitude of the frequency independent noise of the Langevin forces for each Fourier mode.
of the Fourier components to the total Overhauser field
f k = B max |ψ| 2 k and |ψ| 2 k denoting the Fourier transform of |ψ| 2 . This transformation leads to
(8) If DNP is applied, a term describing the resulting change in polarization has to be added. Pumping introduces a change of B nuc by locally polarizing spins. If feedback is used, the pump rate dB nuc /dt is a function of instantaneous B nuc . We linearise this relation by introducing the feedback gain
and thus obtain
. (9) As the effective nuclear field is weighted by the Fourier transformed electronic charge density |ψ| 2 k , modes with a wave length small in comparison with the spread of the electron wave function are not relevant. The dominant low-k modes on the other hand are slow compared to the feedback time scale since typical decorrelation times of nuclear spin diffusion are seconds , whereas feedback acts in the sub-second regime. 5, 17 Thus the term k B k nuc Dk 2 will be small compared to γ pump and can be neglected for all k-modes. Finally the change in the nuclear magnetic field can be described as
Solving this first-order inhomogeneous linear differential equation in B nuc (t) leads to
The electronic dephasing time T * 2 depends on the variance of the Overhauser field, (6) and carrying out the integrals, we thus find that the variance in the presence of pumping is given by
where
is the spectrum of the rate of change of the Overhauser field. Consequently the Overhauser field variance is directly related to this measure of the strength of the Langevin forces and the feedback gain determined by the pump rate. Note that as a result of neglecting the k 2 -terms, this result is of the same form as previous models not explicitly considering spin diffusion, but with a different expression for SḂ.
The feedback gain γ pump can be measured (e.g. see section II) or computed from a microscopic model. To experimentally obtain SḂ, we relate it to the fluctuation spectrum of B nuc without DNP, S Bnuc (ω), which can be measured independently. Starting from equation (8) 
for a Gaussian electron wave function |ψ(r)
z /2 with σ z as the vertical and σ ⊥ as the lateral spread of the wave function. Approximating the z-dependence of the wave function as Gaussion is not expected to introduce major errors because the exact results for all relevant quantum well potentials (triangular, rectangular) also exhibit a quadratic maximum and a fast decay of the wave function, thereby leading to the same qualitative diffusion behaviour. 27 The resulting noise correlator can be read off as 
The last form is obtained by again neglecting the k 2 terms in equation (8), which is valid for large ω corresponding to short times t. The reason for this simple result is that different k-modes have Lorentzian spectra with different corner frequencies 1/t c , but on the feedback time scale (shorter than correlation time t c ), all relevant modes show an universal 1/ω 2 behaviour leading to a linear time dependence of the time domain correlator.
Note that since the different diffusion components have different relaxation times, we cannot relate the narrowing of the Overhauser distribution to the maximal achievable field by DNP. 17 In the diffusive case considered here, this maximum field depends on dimension, relaxation rates and diffusion constants. Instead, we employ the directly measurable fluctuation spectrum without DNP.
While we have only considered a single quantum dot so far for simplicity, our model is also applicable to double quantum dots. For the most widely studied S-T 0 qubits, the nuclear field B nuc is replaced by the nuclear field gradient between the two dots, ∆B nuc = B L nuc − B R nuc . As one does not expect correlations between the dots, the total spectrum is the sum of those from each dot.
II. COMPARISON WITH EXPERIMENT
We now apply our model to the experiment from Ref. 5 performed on a gated double quantum dot in a GaAs/AlGaAs heterostructure. DNP was obtained from Landau-Zener sweeps across the crossing of the singlet state S and the m = 1 triplet state T + , where spin angular momentum can be transferred between electrons and nuclei. Feedback was introduced by preceding each sweep with a free evolution of the qubit driven by the current hyperfine field gradient ∆B z nuc . This precession modulates the pump rate as a function of ∆B z nuc because only one of the two possible qubit states at its end allow spin transfer to the nuclei in the subsequent sweep.
The independently measured noise correlator of the Overhauser field fluctuations in the same sample is shown in figure 2 . By fitting the noise correlator with equation (13), the noise magnitude SḂ can be calculated according to equation (14) yielding SḂ = 0.53 mT 2 /s. σ z /σ xy was fixed at 0.32, and the fitted value of B nuclear spins corresponding to σ z = 6 nm, the fit gives a value for the diffusion constant of D = 5 · 10 −14 cm 2 /s, which is also reasonable.
17,28
The feedback gain γ pump can be derived from the DNPinduced rate of change of the nuclear polarization, which was reported as 40 mT/s in Ref. 5 . As the feedback pulse was only applied for 30 % of the time, one obtains a mean pump rate of Γ av pump = 12 mT/s. For the particular feedback implementation considered, the modulation of this rate with the probability of the free evolution ending in an S state leads to
with ω L = g * e µB∆B z nuc being the electron Larmor frequency and τ fb the duration of the precession between singlet and triplet state which leads to the feedback effect. Hence a feedback gain of γ pump = dḂ nuc /dB nuc = 6.33 s −1 is obtained with τ fb = 30 ns. Equation (11) then leads to an RMS width of the narrowed nuclear field gradient distribution of B 2 nuc 1/2 pump = 0.20 mT, corresponding to a dephasing time of T * 2 = 197 ns. This result is a factor 2 larger than the measured value of T * 2 = 94 ns. The discrepancy likely arises partly from the fact that polarization and measurement pulses were each applied for 30 to 40 ms, which is too long for the approximation of an average pump rate as used here to be very accurate. In addition, the actual pump rate during feedback may have been lower than in the measurement used here.
The noise spectrum is mainly determined by dot geometry and independent of the feedback scheme. Therefore to increase the effectiveness of the narrowing of the distribution, the feedback gain and accordingly the pump rate should be maximized.
III. POLARIZATION SCHEME WITH EDSR ON A SINGLE QUANTUM DOT
We propose a new polarization scheme, the 'EDSR scheme', based on the work of Laird et al 19 to improve the feedback efficiency. Hyperfine-mediated EDSR can be used to control the nuclear magnetic field in the quantum dot as spin angular momentum conservation requires a simultaneous nuclear and electron spin flip. An oscillating electric field shifts the electron wave function in the dot, which in turn creates an effective perpendicular ac magnetic field because the electron experiences an oscillating hyperfine field B ⊥ nuc .
29 B ⊥ nuc drives the electron spin with a Rabi frequency Ω R which depends on the amplitude of the electric field and the hyperfine coupling strength. Competing flipping mechanisms such as spin-orbit coupling decrease the nuclear spin flip probability as no nuclear spin is required to flip. However, by aligning the external magnetic field perpendicular to the direction of electron motion, the spin orbit channel can be suppressed. is applied. If the nuclear magnetic field decreases and reaches the value corresponding to this detuned frequency, the transition from |↑ to |↓ is driven. Together with the electron spin a nuclear spin is flipped via the hyperfine interaction and the nuclear magnetic field increases (part 1). The rate of change of the nuclear field as a function of the nuclear field ('pump curve') is illustrated in figure 3a. Next the qubit is initialized in a |↓ state and a microwave pulse at a frequency positively detuned by +δω is applied (part 2). Now the transition from |↓ to |↑ is driven and the nuclear field decreases if the field strength has reached the value corresponding to this positively detuned frequency. The pump curve is also shown in figure 3a. Alternating between both parts of the scheme leads to a total pump curve with a stable point at the desired nuclear field ω L as shown in figure 3b . This dependence of the polarization rate on the nuclear state allows the qubit to act as a feedback loop. The negative feedback reduces fluctuations by driving the system to the stable point.
In order to estimate the effectiveness of the EDSR scheme, i.e. the narrowing of the Overhauser distribution, we calculate the pump curve and thus the feedback gain. Firstly the total spin flip probability is evaluated following Ref. 19 . Because of the parabolic confinement potential, the displacement of the electron wave function is approximately proportional to the electric field. Furthermore, since the displacement is much smaller than the spread of the electron wave function, the change in nuclear field is approximately proportional to it. We assume that for each electron spin also a nuclear spin is flipped. Hence the probability distribution of the Rabi frequency arising from the 2D Gaussian distribution of the transverse nuclear field is given by
where Ω R is the typical Rabi frequency. Multiplying the distribution with the EDSR spin-flip probability from an initial |↓ state, we arrive at a total averaged spin flip probability for hyperfine-mediated EDSR of
Here ∆ω is the detuning of the microwave from the current Larmor frequency, τ MW the pulse duration and x = Ω ΩR the Rabi frequency relative to the typical Rabi frequency. We see that the pump curve depends on the detuning and pulse duration relative to the typical Rabi frequency ∆ω ΩR and τ MW Ω R , implying that the pump curve and in turn the narrowing is independent of the absolute value of Ω R . The probability p ↑ to flip from |↑ to |↓ is given by the same expression. Converting this spin-flip probability to a change in nuclear field and adding up the negatively (part 1) and positively (part 2) detuned pulses results in a pump curve of
Here τ cyc is the duration of the feedback cycle and ω nuc ± δω the combined detuning of the microwave and the current nuclear field from the desired electron Larmor frequency. Maximizing the feedback gain with respect to δω and τ MW for Rabi frequencies in the order of MHz (as measured in Ref. 19) , gives the conditions
The resulting pump curve is plotted in figure 3 in green.
For τ cyc = τ MW this pump curve yields the optimal solution for all sets of parameters δω, τ MW and Ω R fulfilling (17) but if τ cyc > τ MW due to the initialization time, the effective feedback gain still depends slightly on the individual parameters and is not completely fixed by the conditions. Using the largest value from Ref. 19 , Ω R = 1.8 µs −1 , for the Rabi frequency leads to the parameters τ MW = 0.91 µs and δω = 2.52 µs −1 and a feedback gain of γ pump = 3.5 · 10 4 s −1 . τ cyc is typically 250 ns longer than τ MW due to the initialization process.
In combination with the noise magnitude from figure 2, the above feedback gain leads to an RMS width of the narrowed nuclear field distribution of B 2 nuc 1/2 = 6.6 · 10 −3 mT (equation (11)) and a dephasing time of T * 2 = 6 µs. Thus, the proposed pump scheme promises an improvement of dephasing time by more than two orders of magnitude in comparison to the intrinsic T * 2 = 15 ns. The nuclear field gradient variation in turn is larger by a factor of √ 2. For the feedback to be stable, i.e. to prevent the mean of the distribution from escaping, the nuclear field fluctuations have to be at least one order of magnitude smaller than the the distance of the global maximum and minimum of the pump curve (see distance between and ♦ in figure 3 ). Although the narrowing is independent of Ω R , a smaller Ω R deteriorates the feedback stability. Furthermore, it may be advantageous if the second order local maxima and minima are small, i.e. the pump curve has to be smooth. Appropriate parameters for the latter are δω ΩR = 3 and τ MW δω = π, which give a dephasing time of T * 2 = 5 µs with Ω R = 1.8 µs −1 , τ MW = 0.58 µs and δω = 5.4 µs −1 . The respective curve is shown in figure 3 by the black trace. The ratio of peak distance to fluctuation width is 12 for the maximum (green) curve while it is 19 for the smoother (black) pump curve. Thus the stabilization criterion is fulfilled for both curves though the smoother curve is more stable.
So far we have only considered polarization noise arising from the diffusive spin dynamics. In addition, shot noise generated by the discrete flipping of spins is a noise source intrinsic to the feedback scheme. The spectral density of this shot noise to be added to the noise from diffusion SḂ is given by
where Bmax N is the magnetic field change per nuclear spin flip. The remaining factor reflects the variance of the binomially distributed number of flips. The flip probability at the locking point is p flip = 0.41 for the curve leading to the largest pump rate. With an average cycle time of τ cyc = 1 µs, B max = 4 T and N = 4 · 10 6 the noise magnitude is S SN = 0.24 mT 2 /s. This value is comparable to the diffusion noise. S SN has to be added to SḂ in equation (11) . Consequently, T * 2 is reduced by a factor of order unity. This shot noise can be reduced by a factor of order unity by choosing a smaller Ω R corresponding to a larger τ cyc and a reduced microwave power without changing the feedback gain γ pump . Ultimately, this reduction is limited by the distance between the peaks of the pump curve becoming comparable to the fluctuation width, which will compromise the stability of the feedback scheme.
IV. GENERALIZATION TO A DOUBLE QUANTUM DOT AND INFLUENCE OF EXCHANGE COUPLING

A. Decoupled electrons
The EDSR pump scheme described for a single dot in section III can easily be adapted for a double dot system for which the spin states are |LR , where L, R= {↑, ↓} refer to the electron state in the left and right dot, respectively. In this case, the individual magnetic fields in the dots are stabilized so that the field gradient ∆B z nuc is stabilized as well. Initialization of the qubit in |↓↑ (|↑↓ ) can be achieved by adiabatic preparation from a singlet S(0, 2), where both electrons are in the same dot, (and applying a π-pulse). Consequently both dots are jointly initialized. Then the microwave pulses from section III are applied to each individual dot which can be addressed either locally or through frequency selection. For the latter the desired nuclear field gradient ∆B z nuc has to be large enough so that |↓↑ and |↑↓ are energetically well separated. For the right dot the transitions driven by the microwave are illustrated in figure 4a. The electron is driven into the triplet state T + ≡ |↓↓ (T − ≡ |↑↑ ) with a positively (negatively) detuned microwave pulse if the nuclear field in the right dot has fluctuated downwards (upwards). Consequently the nuclear field in the right dot increases (decreases) dependent on the state of the nuclear field in that dot. The same scheme is applied to the left dot at a different frequency, either simultaneously or sequentially. A sketch of the pulsing scheme is shown in figure 4b .
B. Exchange coupling
In a double dot system, an alternative possibility to drive transitions is the exchange coupling J(ǫ). 4 At finite J the microwave pulse leads to an oscillation of the exchange coupling described by J(t) ≈ J(ǫ 0 ) + = 500 mT) yields a Rabi frequency of Ω R = 0.81 µs −1 . The Rabi frequency is of the same order of magnitude as the EDSR Rabi frequency. However, a spin-orbit contribution to the S − T + coupling with a direct ǫ-dependence 30 may introduce another strong driving channel in this regime, which would have to be avoided carefully.
V. SUMMARY AND CONCLUSION
In conclusion, we have developed a model that provides a simple relation between the feedback gain of DNP procedures with feedback, the spectrum of nuclear spin fluctuations, and the achievable degree of narrowing of the Overhauser field distribution. The dynamics of the nuclear spins are modelled as a diffusive process. The results are in agreement with earlier experiments. We then proposed a new feedback scheme for gated quantum dots based on EDSR which should achieve significantly larger pump rates and thus feedback gains. Our model predicts dephasing times of up to T * 2 = 6 µs for this scheme when considering only the diffusive fluctuations of the z-component of the Overhauser field. Interestingly, this value is comparable to the measured value of the Hahn-echo coherence time, which was found to be on the order of 30 µs at sufficiently high magnetic fields.
31
Achieving such long dephasing times would significantly enhance the qubit control fidelity. In practice, one may however find that effects not considered here impose further limitations. In particular, the faster dynamics of transverse nuclear field components have pronounced effects on Hahn echo amplitudes at applied fields of a few 100 mT and below, and are expected to affect FID measurements even more. 31 Considerably shorter intrinsic FID times have been predicted when taking transverse terms into account. 21 To partially overcome this limitation, it may turn out important to synchronize both the feedback scheme and measurements to the relative Larmor precession of different spin species. On the other hand, it is conceivable that even better results can be obtained at high fields because of an expected cut-off of the spin diffusion spectrum at frequencies exceeding the dipolar nuclear coupling strength. In any case, experimentally probing the limits of the proposed EDSR feedback scheme is likely to yield new insights into electron spin dephasing by the nuclear spin bath as it may give access to the so called intrinsic FID, which is so far a purely theoretical construct.
21,32
We note T * 2 times for gated dots approaching 3 µs have already been demonstrated by a measurement based narrowing procedure. 8 Compared to this approach, our method would have the advantage of achieving a pre-determined center of the Overhauser field distribution rather than narrowing around a random value.
